We explore the question of how to probe the vacuum structure of space time by a massive scalar field through interaction with background gravitons. Using the Γ-regularization for the in-/out-state formalism, we find the effective action of a scalar field in a conformally, asymptotically flat spacetime and a four-dimensional de Sitter space, which is a gravitational analog of the Heisenberg-Euler and Schwinger effective action for a charged scalar in a constant electric field. The effective action is nonperturbative in that it sums all one-loop diagrams with arbitrary number of external lines of gravitons. The massive scalar field becomes unstable due to particle production, the effective action has an imaginary part that determines the decay rate of the vacuum, and the out-vacuum is unitarily inequivalent to the in-vacuum.
Introduction
One of the longstanding problems in theoretical physics is to understand what the vacuum is and how it interacts with matter fields. To probe the vacuum of the Minskowski spacetime, that is, the Dirac sea of particle-antiparticle pairs, one has to turn on a strong (gauge) field and produce pairs of particle and antiparticle interacting with it. The vacuum structure of a curved spacetime, on which laws of physics are formulated, becomes more complicated and intangible than the Minkowski one. Without quantum gravity at present, an effective field theory for gravity may be employed, where matter fields are quantized on the background spacetime.
In this paper, we shall explore by a massive scalar field the vacuum structure of spacetime, in particular, a conformally, asymptotically flat spacetime and a de Sitter (dS) spacetime in four dimensions. As a few leading Feynman diagrams do not exhibit the vacuum structure, we need a nonperturbative method for the effective action in analogy with quantum electrodynamics (QED). Heisenberg-Euler and Schwinger effective action, for instance, probes the vacuum of Dirac sea of particle and antiparticle pairs by a strong external electromagnetic field [1, 2] . The Dirac sea will be explored by strong light sources in the near future [3] .
To find the nonperturbative effective action for gravity, we shall work in the in-/outstate formalism from Schwinger's variational principle. The variational principle states that either interactions or curved spacetimes may make the out-vacuum different from the in-vacuum and the scattering matrix between the out-and the in-vacua provides the effective action [4] . Nikishov and DeWitt showed that the S-matrix could be entirely determined by the coefficient for the Bogoliubov transformation between the in-and the out-vacua [5, 6] . In other formulation one has to integrate the Feynman propagator in the DeWitt-Schwinger representation with respect to mass squared to obtain the effective action (for review and references, see Ref. [7] ).
Recently, Kim, Lee and Yoon have further developed the in-/out-state formalism through the gamma function-or the Γ-regularization and found the QED effective actions in strong electromagnetic fields that act for a finite period [8] . (For other attempts using the gamma function, see Refs. [9, 10] .) The Γ-regularization has been elaborated to spatially localized electromagnetic fields [11] , which require the tunneling boundary condition on the solution [5] . The new formalism has also been applied to dS space minimally coupled to a massive scalar field and yielded the effective action in any dimensional dS [12] , which is the gravitational analog of the Heisenberg-Euler/Schwinger effective action in QED for a constant electric field.
The reason for studying the vacuum polarization (the real part of the effective action) of a conformally, asymptotically flat and a dS space is that firstly, these spacetimes allow one to explicitly find the Bogoliubov transformation and secondly, they suffer from instability due to cosmic particle production, the so-called "cosmic laser" [13] . The main difference from the earlier work, Ref. [12] , is that we analyze the divergent and the convergent structures of the effective action for gravity in four dimensions only and interpret the results from the view point of cosmology. The divergent terms are closely related with renormalization of the vacuum energy, the gravitational constant and the one-loop coupling constants.
The organization of this paper is as follows. In Section 2, we formulate the Γ-regularization for effective actions. In Section 3, we regularize and investigate the UV and the IR structures of Heisenberg-Euler/Schwinger effective action in scalar QED. We study the effective action for a conformally, asymptotically flat spacetime in Section 4 and for a four dimensional dS space in Section 5 and interpret the divergent terms in terms of renormalization of the cosmological constant, the gravitational constant and the coupling constants of one-loop.
Γ-Regularization for the In-/Out-State Formalism
The in-vacuum under the influence of an external field, such as a gauge field or a background spacetime, evolves to another one, which needs not necessarily the same as the in-vacuum, and settles in the out-vacuum when the external field acts for a finite period of time. This is true not only for QED in electromagnetic fields and but also for curved spacetimes, in particular, expanding spacetimes and black holes. Further, if the external field produces particles (pairs), the in-vacuum suffers from instability and decays as (the upper/lower sign for bosons/fermions) [in units of c =h = 1]
where V is the space volume, T is the duration of the interaction, K denotes all quantum states, and N K is the number of particles (pairs) produced for K. In the limit of infinite volume or time, the out-vacuum is orthogonal to and unitarily inequivalent to the invacuum. Thus, we need the in-/out-state formalism for the effective action in background external fields. The effective action, in principle, can be obtained from the generating functional in a curved spacetime
where φ denotes a boson or fermion field, S m [φ] is the action for the field and J is a source. The variational principle by Schwinger prescribes [4]
and thereby the effective action as the S-matrix
The energy-momentum tensor follows from varying W with respect to g µν . To compute the effective action (4), one needs some method either for the path integral including particles production or for the out-vacuum. Schwinger himself evaluated the path integral for a charged scalar or fermion in a constant electromagnetic field and found the so-called Heisenberg-Euler/Schwinger effective action in the proper-time integral [2] . One prominent feature of the effective action is the imaginary part that determines the decay rate, as shown in eq. (1). The other interesting property is the vacuum polarization, where the Minkowski vacuum becomes a medium since the Dirac sea produces and annihilates the (virtual) pairs of particle and antiparticle. The effective action beyond constant electromagnetic fields has been an issue of extensive study in theoretical physics [14] , which belongs to strong field physics, and where nonperturbative quantum effects are important.
The effective action for a massive field can also be found from the Feynman propagator in the DeWitt-Schwinger representation as [7] 
The resolvent method for the effective action in QED in a constant and a pulselike electric field [15] and the Green function method for the Coulomb gauge [5] is a variation of this method. Nikishov and DeWitt showed that the effective action could be expressed in terms of the Bogoliubov coefficients (the upper/lower sign for bosons/fermions) as [5, 6] 
since the out-vacuum is related to the in-vacuum through the Bogoliubov transformation for the bosons/fermions interacting the external field
These coefficients satisfy the relation for each K
which follows from the commutation/anticommutation relation for bosons/fermions or spin-statistics theorem. The effective action (6) even after renormalization constrains the vacuum persistence (twice of the imaginary part) and the number of produced particles (pairs),
The key idea of the gamma function-or the Γ-regularization is that most of known solutions for free fields in background fields can be expressed in the hypergeometric function, whose connection formula in two regions determines the Bogoliubov coefficients as a rational function of gamma functions with complex arguments, and that the logarithm of the gamma function [18] ,
has an analytic continuation in the complex plane and the residue theorem determines the imaginary part. The second and the third terms are to be regulated away through renormalization. The residue theorem for the first term as a complex function of z, assuming β ≥ 0, leads to
where the upper/lower sign is for the contour of a quarterly circle in the fourth/first quadrant and P denotes the principal value. Then, with a proper regularization through renormalization, we obtain the effective action in QED and dS spaces.
Regularization of Heisenberg-Euler/Schwinger Effective action
In scalar QED a charged massive scalar in a constant electric field in the vector gauge has the Bogoliubov coefficient for the momentum transverse to the electric field [8, 11] 
Neglecting the terms that are to be regulated away through renormalization and using the Γ-regularization (11) in eq. (6), we obtain the effective action
where the number of pairs via Schwinger mechanism is
Integrating the momentum integral, we get the Heisenberg-Euler/Schwinger effective action for scalar QED
To investigate the UV and IR structures of the effective action, we expand cosec(s/2) in power series of s and express the vacuum polarization (the real part of the effective action) in the form
where B 2n is the Bernoulli number. The first and the second terms renormalize the vacuum energy and the charge for the Maxwell term, respectively, and are removed by subtracting (2/s − s/12) from cosec(s/2). It is interesting to note that the vacuum polarization combined for scalar and spinor QED with the same spin multiplicity (2|σ| + 1) regulates away the vacuum energy as in supersymmetry theory
4 Conformally, Asymptotically Flat Spacetime
Conformally flat spacetimes with two asymptotically flat regions provide a good model to study the effective action for gravity since the in-and the out-vacua are Minkowski ones after rescaling time and length and are connected by a one-parameter conformal vacua between the two regions. The conformally flat spacetime under study with the metric [7] 
has two asymptotically flat regions and allows an explicit solution for a massive minimal scalar field. Using the freedom of rescaling time, one can set A = 1 and restrict B < 1 from causality. Then, the remaining two free parameters B and T may be determined by the scalar curvature and the Ricci tensor squared:
For instance, at η = 0, the geometric invariants take R = (3/2)(B/T ) 2 and R µν R µν = R 2 , with R αβµν R αβµν being determined by Gauss-Bonnet theorem.
To determine the Bogoliubov coefficients, we use the solution for a massive minimal scalar [7] 
where F is the hypergeometric function and the frequencies at the past and the future infinity and their average and difference are given by
The solution (20) describes the incoming positive frequency solution at the past infinity (η = −∞)
At the future infinity (η = ∞) the solution analytically continues to the following form
where
Now the effective action per unit volume and per unit time (W/VT = L eff ) in the in-/out-state formalism is given by
The last term will be regulated away by renormalization. The Γ-regularization (11) gives the effective action in a complex plane
Particle production makes the vacuum unstable, so F (z) is complex and thereby the effective action has an imaginary part. According to the Γ-regularization, we have
Here the principal value is taken along the real proper-time and for residues along the axis of contour in the fourth quadrant. Finally, we obtain the effective action in the proper-time
Thus, the effective action (29) as a functional of R and R µν R µν gives the effective action for gravity. The vacuum persistence for bosons also holds
We now analyze the UV and the IR structures of the effective action (29). The effective gravity action is finite at s = 0, which can be directly shown by expanding the integrand in a power series of s. The leading term, which corresponds to the vacuum energy, vanishes
That is, the Γ-regularization automatically regulates away the vacuum energy, as shown for dS space in Ref. [12] . Using the power series for cotan(s), we may express the vacuum polarization as
The next-to-leading divergent term from n = 1 is a change of the internal loop diagram and diverges quadratically since the momentum representation of the propagator at the coincident limit (y → x) is
The last divergent term from n = 2 diverges logarithmically. These divergent terms renormalize the gravitational constant and the one-loop coupling constants, whose detailed calculations will be shown elsewhere. To get the renormalized effective action we subtract (2/s − s/6 − s 3 /360) from cotan(s/2).
Four Dimensional de Sitter Space
In this section we study the effective gravity action for the four-dimensional dS space with the metric
The Hubble constant H = R/12 is given by the constant scalar curvature R of dS space. The massive scalar field is decomposed by the spherical harmonics Y L (Ω 3 ) of the Laplace operator on S 3 ,
The multiplicity of the harmonics for each l is (l + 1) 2 . Though a comoving observer measures a thermal spectrum in the dS-invariant vacuum [19] , there is no actual particle production. Polyakov has recently scrutinized the selection of dS vacua in cosmology and argued that the in-/out-vacua are more physically favored than the dS-invariant vacuum [13] . For the massive scalar field (m ≥ 3H/2), the in-and the out-vacua are defined with respect to the asymptotically positive frequency
From the solution, modulo the spherical harmonics, with the asymptotical frequency (36),
we find the Bogoliubov coefficients as [12, 20] 
These coefficients satisfy the relation |µ L | 2 − |ν L | 2 = 1, as expected. The number of produced scalar particles is
Using the gamma function (10), we find the effective action per Hubble volume and
Then, the Γ-regularization (11) leads to the effective action in the proper-time integral
The effective action for dS space takes a similar form as Heisenberg-Euler/Schwinger effective action in a constant electric field. The term cos(s/2) is independent of quantum excitation l and subtracts the background geometry. It is interesting to compare eq. (41) with the effective actions from the propagator method (5), which do not have the imaginary part [21, 22, 23] . The momentum integral (13) or (29) is now replaced by the angular momentum sum due to the spherical symmetry of dS space. Though the proper-time integral is finite for each fixed l, the summation over angular momenta is infinite. The divergent structure of the effective action requires a regularization scheme, for instance, the ζ-regularization, ∞ l=1 l 2 = ζ(−2) = 0, which removes the imaginary part and the subtraction of the background geometry, as shown in Ref. [12] . Here we use another regularization scheme for the angular momentum sum [24] κ(s, n) ≡ 
The κ-regularization is equivalent to the ζ-regularization after expanding cos(ls) in power series of s and putting ζ(−2n) = 0. Finally, the vacuum polarization takes the form .
As κ(0, 2) = ζ(−2) = 0, the effective action vanishes for dS space in D = 4, implying no quantum hair and confirming the result of Ref. [12] .
Conclusion
We have explored the vacuum structure of a conformally, asymptotically flat spacetime and a de Sitter spacetime in D = 4. The gamma function or the Γ-regularization has been used to provide effective actions not only for QED but also for gravity. The key idea is to regularize the logarithm of gamma functions for the effective action that is expressed in terms of the Bogoliubov coefficient. Remarkably, the effective action for gravity takes a similar form as the Heisenberg-Euler and Schwinger one for QED. We have analyzed the UV and the IR structures of the effective action for gravity. The divergent terms are closely related with renormalization of the vacuum energy, the gravitational constant and the one-loop coupling constants. One surprising result is that the de Sitter space in D = 4 does not have any quantum hair due the maximal symmetry of spacetime [12] .
